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Abstract
Phonon dynamics of alkali metal (M) doped C60 ( MC60 ) solids in FCC phase has been studied.  The 
calculations take into account van der Waal’s and Coulomb interactions for alkali metal C60 as 
well C60C60 molecule and show fairly good agreement with reported neutron scattering results for 
RbC60. The calculations have also been done following Rigid Shell Model (RSM). We also perform 
the calculations for specific heat, Gruneisen parameter, thermal expansion and thermal expansion 
coefficient.  
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1. Introduction
Among alkali doped C60 solids the composition MC60 (M = Na, K, Rb and Cs) exhibit a 
variety of stable phases and are of considerable interest in recent past. X-ray diffraction studies have 
shown that at high temperatures these compounds exist in a rock salt structure [1] which transforms 
to an orthorhombic phase [2,3] upon moderate cooling to room temperature. On cooling to liquid 
nitrogen temperature they transform to a monoclinic phase [4]. Other phases have been found upon 
warming from the lower temperature phases [5]. In the present work we have calculated phonon 
dispersion curves in the symmetry directions for FCC phase. The calculation is based upon our 
earlier work [6-8] where we have established a model to account for bulk properties of alkali doped 
C60 solids assuming C60 as a continuous shell of radius 3.55 Å. The FCC rock salt structure of MC60
is formed with freely rotating C60
- ions above 370 K [5]. Therefore it would be justifiable to 
calculate phonon dispersion curves and other related quantities of the FCC phase of MC60 using the 
continuous model [6-8]. It has been established that these compounds are ionic [6] in character. In 
the present work we perform the analytical calculations for external phonons by considering van der 
waal’s attractive and Born Mayer repulsive potential upto second nearest neighbor, where as for the 
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2Coulomb part of the dynamical matrix we have used the quantities evaluated by Kellermann [9] 
using the Ewald sum method. We have done calculations in the frame work of Rgid Ion Model 
(RIM) and Rigid Shell Model (RSM) at equilibrium lattice constant determined by us [7,8] and with 
slight modification of these interaction parameters so as to match lattice constant value with 
experimental value for all M (Na, K, Rb and Cs). The density of states in case of RbC60 has been 
compared with available Neutron scattering results [10]. We have also calculated elastic constants, 
long wave optic phonons, specific heat, thermal expansion and thermal expansion coefficient for the 
whole series of these compounds. In section 2 we discuss the models used. Results and discussion 
are presented in section 3. 
2. Theoretical Formalism
2.1 The model for lattice dynamics
In case of usual ionic solids, nearest neighbor overlap potential (repulsive) and Coulomb part 
is enough to describe the structure. In the present system however the anion is a large cluster of 60 
carbon atoms. Therefore not only repulsive but attractive van der Waal’s term is also important to 
find force constants. We have earlier worked out [6] the form of potential between two C60
molecules assuming that the potential between two carbon atoms is given by a 6-exp potential,
reB
r
A
V   6exp6 .                                                                                                      (1)
Further C60 molecule is modeled as a spherical shell of radius RB (the “continuum approximation”)
on which 60 carbon atoms are uniformly smeared over the surface. This allows us to express 
potential between two C60 molecules in term of carbon-carbon potential parameters. The form of the 
C60-C60 potential is
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where R is the distance between the centers of two C60 molecules. Assuming similar atom-atom 
potential ( Eqn. 1) for alkali metal and carbon; the potential between alkali metal and C60 is given by   
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3where r is the centre to centre distance between alkali metal ion and C60 molecule. A, B and α are the 
6-exp potential parameters for alkali metal and carbon atom.
The cohesive energy per unit cell is given by
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Here, αM is the Madelung constant for MC60 which is in NaCl structure. 02r is the lattice constant of 
the (cubic) unit cell and Z the number of electronic charge on the positive ion. In Eqn. 4, the 
multiplier 6 and 12 in second and third term are number of nearest neighbors and second nearest 
neighbors respectively. Two parameters have been defined in terms of the derivatives of the 
potential defined in Eq. (2) and Eq. (3) as
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 where 302rv   is the volume of the primitive cell and R0 is the equilibrium separation between the 
ions for which B1 and A1 is defined.  In view of this, R0 = r0 for alkali metal and C60 and R0 = r0 × √2 
for C60 and C60. The potential Φ(R) is the potential defined in Eq. (2) and Eq. (3) as the case may be 
depending upon the type of ions taken. Therefore we have set of parameters A1 and B1 for similar 
ions (second neighbor) and for dissimilar ions (first neighbor). While considering second neighbor 
the contribution of M-M has been neglected as this interaction potential is almost 
60
1
60
1   times 
compared to C60-C60 interaction potential (please see Eqn. 2). 
According to the picture of Rigid Ion Model (RIM) [11], the potential energy of interaction 
of a pair of ions separated by a distance r is given by
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where eZk is the charge of the ion in the k
th sublattice and e is the magnitude of electronic charge. 
This potential correspond to a dynamical matrix [9] of the following form
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4where α and β denote the Cartesian component indices; q  is the wave vector associated with the 
wave. It may be expressed compactly in matrix notation as
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where Z is a (3n ×3n) diagonal matrix with elements
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and C and R are (3n ×3n) diagonal matrices with elements
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where  kllkr ,  is the distance between two atoms whose position is represented by )(lk  i.e. l th 
unit cell and k th atom and  kl   i.e. l' th unit cell and k' th atom. The general definition of force 
constant Φαβ defined in term of ion - ion pair potential is given in reference 12. The matrix elements 
in Eq. 11 contain the direct lattice sums which converge very fast due to van der Waals and Born 
Mayer interaction. In fact in binary ionic solids (NaCl, KBr, NaI etc.), it is only the repulsive part 
which is important, therefore it is justified and sufficient enough to take first neighbour interaction 
to evaluate Eq. (11). However in case of molecular solid (like MC60) to evaluate Rαβ at least one 
should take contribution upto second neighbors, so that C60-C60 repulsion, which is dominant, is 
taken into account. The attractive part may not be that important as the solid is ionic. Keeping in 
view the size of C60 we have retained attractive part and hence the name “
exp6 ”.
 In case of Eq. 10 the sum is over Coulomb potential. For Coulomb potential series is not 
convergent and hence direct lattice sum is not possible. It is worth mentioning here that Evjen’s 
Method [6] of direct lattice sum is useful to calculate Madelung energy, but it does not work for the 
directional summation involved in Eq. 10. This is why we have used the matrix elements which are 
calculated by Kellermann [9] using Ewald sum technique. The R matrix elements may be written for 
rock salt structure in terms of force constants (defined by Eqns. 5a and 5b) taking the contribution 
upto second neighbor [11] as 
)]([)( '1
'
1
2
'
  qCosqCosBqCosAv
e
kkR                                       (12a)
5])(
2
)2[()(
''
1
''
1
''
1
''
1
''
1
2
0


 qCosqCosBqCosqCosqCosBA
BA
v
e
RkkR


      (12b)         
0)(;)])[()( '''1
''
1
2
 kkRqSinqSinBA
v
e
kkR                                       (12c)
)2( '1
'
1
2
0 BAv
e
R                                                                                             (12d)
where the single primed quantities (A1
' and B1
') correspond to the Metal and C60 (first neighbour) 
interaction, whereas double primed quantities (A1
'' and B1
’’) correspond to either C60-C60 (second 
neighbor) or M-M interaction. The elements thus calculated are added to the C matrix elements and 
hence the total dynamical matrix is evaluated for 48 points in the Brillioun zone. Diagonalization of 
the same lead to frequencies as a function of q

, the wave vector and the total number of frequencies 
thus calculated is 3sNq. Nq is the total no. of q

 vectors and s the number atoms in the primitive cell. 
We have also performed calculations with Rigid Shell model (RSM). In brief RSM [14] 
postulates the ion to be composed of a central massive core consisting of nucleus and tightly bound 
electrons, attached by harmonic springs to an outer massless spherical shell made of valence 
electrons. The shell retains its spherical charge but can move bodily with respect to its core. This 
relative mechanism gives rise to electronic polarization. The valence electron cloud (shell) of anion 
increases compared to the neutral atom whereas in the case of cation the shell either decreases in 
size or just ceases and consequently only core is left (e.g. in the case of alkali metals). Therefore the 
polarizability of the negative ion (anion C60) is more important compared with positive ion (alkali 
metal). With single ion polarizable, the complex treatment in RSM gets simplified and one can 
easily construct the dynamical matrix [13] to calculate the phonon frequencies.
2.2. The long wave approximation 
We now calculate the elastic constants of the solid (or matrix elements Cij of  elastic stiffness 
constant) in the continuum model of the solid.
2.2.1 The acoustic behavior
The expression for the elastic constants can be obtained with the help of standard procedure outlined 
in ref. 11. The expressions for various elastic constants thus obtained for rock salt structure are,
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In view of the equilibrium condition the RIM/RSM framework leads to the Cauchy relation (C12  = 
C44). The polarizability has no effect on the elastic constants. We shall now proceed to seek the 
optical behaviour of the present molecular solid.
2.2.2 The optical behavior
The long-wave optical vibration frequencies can be derived with nearest neighbor 
approximation in the frame work of RIM and are given by
 vCR I 1
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In RSM (negative ion polarizable), the frequencies are given [13] by
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Here the symbol  is the reduced mass and is  2121 mmmm   and 02)( RZeI  denotes ionic 
polarizability. The frequency of the transverse optic mode, ωT, may be obtained by setting C1 = 4 
π/3 and that of the longitudinal mode, ωL by setting C1 = 8π/3. The parameter d is defined [13] in 
terms of electrons in the shell of negative ion. Henceforth it is convenient to consider it as a 
parameter equivalent to Y, the electrons in the shell. We shall use Eq’s. 16 and 17 to deduce the 
optical frequencies at zone centre.
  
2.3. Determination of the specific heat  
 Usually, the distribution of phonon frequencies are employed to compute the heat capacity 
at constant volume, Cv as
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where, internal energy E is given by
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Here, F is the Helmholtz free energy function. Thus,
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2.4 Determination of thermal expansion coefficient
Minimizing the quasi-harmonic free energy of the crystal, the lowest order volume thermal 
expansion or dialation is given by [14]
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where V0 is the volume at zero temperature, B is bulk modulus and γqj is Gruneisen parameter 
defined as 
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The volume expansion coefficient αTH is the derivative of dialation (Eq. 21) with respective to 
temperature and directly proportional to specific heat. The expression for the same is given as
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2.5 The method of calculations
As mentioned earlier in section 2.1, we have earlier determined [6-8] parameters A, B and α for the 
interactions given by Eq.2 and Eq.3. The values of these parameters (say Set-1) are listed below in 
the Table 1 for the sake of completeness.
8Table 1: Interaction parameters [Set-1]
Atom-Atom A (kCal-Å6/mol) B (KCal/mol) α (Å-1)
C-C 358 42000 3.58
Na-Na 100 23730 4.45
Na-C 160 35000 3.60
K-K 171 49138 3.62
K-C 235 28370 3.50
Rb-Rb 333 76628 3.43
Rb-C 458 31283 3.32
Cs-Cs 495 114942 3.04
Cs-C 680 38314 3.12
The lattice constant values obtained with above parameters are slightly small compared with 
experimental results [17]. So we have taken another set of phonon dispersion curves with adjusting 
parameter B and α for Alkali metal-Carbon interaction. Other parameters remain unaltered. It is 
evident that this interaction is instrumental in the determination of lattice constant. The dispersion 
curves thus obtained have a different shape and the effect is more prominent in the optical branch. 
We have also done RSM calculations using these parameters. Table 2 gives the set of these 
parameters (Set-2).
Table 2: Interaction parameters [Set-2]
Atom-Atom A (kCal-Å6/mol) B (KCal/mol) α (Å-1)
C-C 358 42000 3.58
Na-Na 100 23730 4.45
Na-C 160 60000 3.30
K-K 171 49138 3.62
K-C 235 70000 3.27
Rb-Rb 333 76628 3.43
Rb-C 458 80000 3.24
Cs-Cs 495 114942 3.04
Cs-C 680 100000 3.22
The values of lattice constant thus obtained using the calculation procedure explained in [6] are 
given in Table 3.
Table No. 3: Lattice constant along with the reported data.
Lattice constant (Å) Present Calculation Lattice constant (Å) Reported data
9NaC60 14.04 14.14  [15]
KC60 14.07 14.07 [156]
RbC60 14.08 14.08 [16]
CsC60 14.12 14.12 [16]
 Calculated value.  
Using these two sets of parameters mentioned above we determine phonon frequencies in the 
frame work of RIM. The calculation in the frame work of RSM has been done only for Set-2.  The 
mass of C60 is taken to be 720 a.m.u. i.e. 1195×10
-24 g. Various other input parameters used in the 
calculations for Set-1 and for Set-2, are listed below in Table 4 and 5, respectively.
Table 4 The input parameters for Set-1 (RIM) 
Nearest neighbor 
distance (10-8cm)
A1
'
(CGS)
B1
'
(CGS)
A1
''
(CGS)
B1
''
(CGS)
Mass of alkali 
metal atom (10-24g)
NaC60 6.975 6.484 -0.123 109.208 -0.609 38
KC60 6.975 6.122 -0.053 109.208 -0.609 65
RbC60 6.975 11.824 -0.147 109.208 -0.609 142
CsC60 7.00 31.45 -0.985 94.460 -0.247 221
Table 5 The input parameters for Set-2 (RIM) 
Nearest neighbor 
distance (10-8cm)
A1
'
(CGS)
B1
'
(CGS)
A1
''
(CGS)
B1
''
(CGS)
Mass of alkali 
metal atom (10-24g)
NaC60 7.020 34.046 -1.406 83.813 0.414 38
KC60 7.035 41.374 -1.694 76.573 0.178 65
RbC60 7.040 48.530 -1.869 74.238 0.232 142
CsC60 7.060 59.913 -2.242 65.497 0.431 221
For RSM (negative ion polarizable) the value of parameter d is taken to be 0.1. The 
electronic polarizability of the negative ion i.e. C60
- α, is 84 ×10-24cm3 [17]. We have calculated 
frequencies with two sets of parameters (Set-1 and Set-2) as mentioned above at two different values 
10
of volume (at equilibrium and slightly deviated from equilibrium) so as to evaluate the 
thermodynamic quantities defined by Eq’s. 21, 22 and 23, respectively. 
3. Results and Discussion 
In the whole series of MC60 compounds, we have been able to compare our calculations with 
experiment only for RbC60. Fig.1 shows the variation of calculated phonon density of states (DOS) 
for RbC60 with frequency ω along with inelastic neutron scattering results [10]. To compare our 
calculations with the experiment, the DOS of the reference 10 has been normalized with the present 
calculations. In Fig.1, the cut-off frequency of ≈ 7.2 meV for set-1 is quite close to the 
experimentally observed ≈ 8 meV [10]. Earlier investigations [18] of Rb3C60 have also concluded 
that vibrational frequencies of octahedral Rb sites lie around 7 meV, which is in good agreement 
with present calculation results. 
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                          Fig.1. Comparision of calculated density of states (RIM) with the Experiment. 
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Further, the shape of calculated phonon DOS curve resembles the experimental curve. The DOS 
curve corresponding to Set-1 shows a maximum at 3.25 meV and a shoulder at 4.3 meV. However, 
compared with experimental DOS curve the maximum and shoulder in the present calculations are 
shifted towards the lower energy end. The DOS curve for Set-2 does not resemble with the 
experimental curve. Therefore the calculations with set-1 are more realistic and should predict 
thermodynamic quantities more correctly. It is important to mention that with set-2 the optical 
modes are well separated from acoustic modes (Fig.2 and Fig.3), which changes the characteristic of 
the spectrum. However, the cut-off frequency remains ≈ 8.5 meV, which is not far from 
experimental values mentioned above.
We have also done calculations in the frame work of Rigid Shell Model (RSM). Fig. 4 shows 
frequencies calculated along symmetry directions with set-2. Comparing with Fig.3 one readily 
finds that the phonon dispersion curves (PDC’s) do not change significantly to affect the related 
thermodynamic quantities. Therefore further calculations are not done in this frame work. 
Now it is established that the parameters corresponding to set-1, shall be the appropriate for 
dynamics of these compounds. It is worth mentioning here that these parameters of set-1 have 
already been used to determine various bulk properties of RbnC60 solids [7].  
Fig. 2. Phonon dispersion curves (RIM) of RbC60 in symmetry direction with Set-1
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Fig. 3 Phonon dispersion curves (RIM) of RbC60 in symmetry direction with Set-2.
Fig.4 Phonon dispersion curves (RSM) of RbC60 in symmetry direction with Set-2.
Fig. 3 Phonon dispersion curves (RIM) of RbC  in symmetry direction with Set-2.
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For the sake of discussion we have further calculated thermodynamic quantities for both the 
sets. The calculations with set-2 may be justified, as the range of phonon energies is not far from 
experimental values. Fig. 5 shows the variation of calculated specific heat with temperature. This 
calculation takes into account phonon frequencies at 48 points in the Brillouin zone of NaCl 
structure. Kellermann earlier stressed that these are enough to calculate specific heat, thermal 
expansion etc. Since the expression for phonon DOS cannot be found as a function of . With large 
number of phonon frequencies one can approximate it numerically and Eq’s. (20-23) are extensively 
used to derive the thermodynamic quantities.   
From Fig.5 it is implied that for set-1 the maximum at lower energy is much more prominent 
compared to set-2 due to the lowering of optical phonons which falls in energy range of acoustic 
phonons. This results in more contribution to the specific heat at temperatures lower than the room 
temperature. At temperatures higher than 250 K both the calculations approach classical value 6 K. 
Fig’s. 6 and 7 show the variation of volume thermal expansion and thermal expansion coefficient 
respectively. 
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Fig. 6 Variation of volume thermal expansion ε of RbC60 with temperature.
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Fig.7. Variation of volume thermal expansion coefficient αTH of RbC60 with temperature
From Eq. 21, it is clear that thermal expansion is directly proportional to Gruneisen 
parameter and inversely proportional to bulk modulus. In case of RbC60 for set-2, bulk modulus is 
smaller than for set-1 and Gruneisen parameter is also small. These two quantities compete with 
each other and result in cross over at about 50 K. In the low temperature region bulk modulus 
determines the thermal expansion as the DOS is small for both, which nullifies the contribution of 
Gruneisen parameter. Above 50 K the DOS for two sets undergoes a change and hence the 
Gruneisen parameter (larger for set-1) becomes important and hence thermal expansion increases for 
set-1. The calculation for volume thermal expansion coefficient shows the expected behavior. The 
larger value for set-1 is due to greater value of Gruneisen parameter. Similar calculations have been 
performed for Na, K and Cs doped C60 solid in the same phase and same stoichiometry. The 
dispersion curves show similar characteristics. Fig’s 8-10 show the phonon DOS curves for different 
alkali metals. 
From the Fig’s.8-10 it is clear that the cut-off frequency gradually decreases from about 12 T 
Hz for Na to 10 T Hz for Cs with set-1 calculations. Similar dependence is seen with set-2 
16
calculations. Not only this, with increase in size of Alkali metal the gap in the phonon spectrum also 
decreases for set-2. It has significant effect on the calculated thermodynamic quantities. The average 
value of the Gruniesen parameter, elastic constants and bulk modulus are given in Table 6 and 7 for 
set-1 and set-2 respectively.
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Table No. 6 Thermodynamic quantities for set-1
Average 
Gruneisen 
parameter
Elastic Constants (1010 dyne/cm2)
C11                     C12                       C44
Bulk Modulus
(1010 dyne/cm2)
NaC60 set-1 6.46 27.60 6.91 7.12 13.81
KC60 set-1 6.96 26.67 6.90 7.14 13.49
RbC60 set-1 5.88 28.06 6.92 7.12 13.97
CsC60 set-1 5.02 28.92 6.03 6.00 13.66
Table No. 7 Thermodynamic quantities for set-2
Average 
Gruneisen 
parameter
Elastic constants (1010 dyne/cm2)
C11                    C12                   C44
Bulk Modulus
(1010 dyne/cm2)
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NaC60 set-2 5.10 26.84 5.23 5.32 12.43
KC60 set-2 5.01 26.49 5.01 4.67 12.17
RbC60 set-2 4.99 27.71 4.79 4.57 12.43
CsC60 set-2 5.00 28.31 4.21 4.08 12.24
From Table 6, we infer that average Gruneisen parameter decreases with increase in size of the 
atom and hence thermal expansion coefficient also decreases accordingly. The effect of phonon 
DOS curve is manifested in Fig. 11. Cv curve for CsC60 is widely separated from other two (Rb and 
K), which is due to spreading of density of states in CsC60 (Fig. 10) over a large range compared to 
RbC60 and KC60 (Fig. 1 and Fig. 9). The variation of Cv and thermal expansion coefficient αTH with 
temperature is illustrated in Fig. 11 and Fig 12. The value of thermal expansion coefficient for pure 
C60 is 6.1×10
-5 K-1[19]. From Fig. 12, it can be inferred that presently calculated values are of the 
same order. The volume thermal expansion coefficient deceases with increase in size of the alkali 
metal doped in C60 solid. Therefore doping decreases anharmonicity in general, and further it 
decreases with increase in size of the alkali metal. 
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  Fig. 12 Variation of thermal expansion coefficient for MC60 solids in FCC phase with temperature.
4. Concluding remarks
We conclude that the form of the potential suggested in the earlier work accounts well for 
the lattice dynamical and thermodynamic properties of FCC MC60 solids as well. We could not 
compare (due to the lack of experimental work reported in the literature) the calculation of 
thermodynamic quantities with experimental values except for DOS in RbC60. But phonon DOS 
(set-1) in RbC60 presented here resemble qualitatively with neutron scattering results. The 
consistency is attributed to the fact that various interactions between C60 and alkali metal are 
properly incorporated within the framework of RIM. From DOS curves it is clear that alkali metal-
carbon interaction is instrumental in deciding the form of these curves and hence the thermodynamic 
quantities. We expect qualitative agreement of calculated quantities with experimental values as the 
model of interactions is quite simple. A comparison has been made with another set of parameters 
(set-2) to discuss the effect of lattice expansion and change in the phonon density of states. The 
present work reported here for several thermodynamic quantities motivate more experimental work 
in doped C60.
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